This paper reports new results obtained through the application of differential geometry to the array manifold of a direction finding (DF) sensor array. It emphasises the crucial but so far disregarded role of the array manifold in the performance of subspace-based direction finding (DF) algorithms and then proceeds to a rigorous mathematical analysis of the array manifold using the tools of differential geometry.
Introduction
During the past few decades, there has been significant research into source localisation algorithms for sensor array signal processing, culminating in the development of subspace-based methods, which asymptotically exhibit infinite resolution, and are hence also referred to as "superresolution" algorithms. The operation of subspace-based direction finding (DF) algorithms essentially involves partitioning the observation space into the mutually orthogonal signal and noise subspaces and searching the array manifold for the response vectors which lie in the signal subspace or which are, equivalently, orthogonal to the noise subspace. The concept of the array manifold is fundamental to the subspace class of DF algorithms and is defined as the locus of all the response vectors of the array over the feasible set of source directions-of-arrival (DOAs). In the case of an azimuth-only DF system e.g. a linear array, the array manifold is a curve in the complex -dimensional space , 5 5 where is the number of sensors of the array, while for an azimuth-elevation DF 5 system e.g. a planar array, the array manifold is a surface in .
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The significance of the array manifold in the performance of superresolution DF array systems strongly supports the need for a rigorous analysis. The nature of the array manifold makes the techniques of differential geometry particularly appropriate for this task. For ease of understanding, an azimuth-only DF system will first be considered. In such a case, the array manifold is a curve embedded in and signal 5 sources may then be located using a simple search of this curve. It is clear that if the manifold curve crosses over or upon itself, then the two response or manifold vectors are indistinguishable with respect to a signal subspace, although they correspond to sources impinging from distinct directions. Another unresolvable situation arises when a manifold vector is a linear combination of two or more manifold vectors. This phenomenon is known as the "ambiguity problem" and is a consequence of anomalies in the manifold curve. It may be envisaged that the longer the manifold curve, the more prone it is to such anomalies; however, this also means that the manifold vectors are more widely spaced and hence it is easier to distinguish between close sources, that is, the corresponding array displays better detection, resolution and DOA estimation capabilities.
From the previous discussion, it follows that the array manifold determines the detection, resolution, DOA estimation and ambiguity performance of the corresponding array. A quantitative analysis of these effects requires the application of differential geometry techniques to the array manifold. The paper is organised as follows. In Section 2, the notational conventions used throughout the paper are presented and the far-field passive narrowband array signal processing model is defined. In addition formal definitions of the linear and planar array manifolds are provided while, in Section 3, the results of the application of differential geometry to the array manifold are presented. In particular, expressions for the arc length, rate of change of arc length, coordinate vectors and curvatures of the manifold curve are derived in terms of the physical characteristics of the array. Based on these results, the detection, resolution, DOA estimation and ambiguity performance of an array of sensors are examined in Sections 4 and 5. Finally, an array design approach tailored to subspace-based methods and based on the differential geometry of the array manifold is presented in Section 6. The paper is concluded in Section 7.
Notation and Preliminaries
The following notation is used throughout the paper: scalar vector response to a unit amplitude wavefront from direction . Note that for an azimuthonly DF system, the bearing represents the azimuth direction , and for an azimuthelevation system the bearing represents the azimuth-elevation direction .
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For an azimuth-only DF system consisting of a linear array of isotropic used in this paper is given by °°°° and as will be seen, this +~¸´ Á ³ Á´ Á ³ ¹ equivalent parametrisation is extremely useful in that it allows a unified framework for the analysis of the linear and planar array manifolds.
To study the influence of the array manifold on the system's DF performance, the array manifold can be analysed using the powerful mathematical tools of the differential geometry of curves and surfaces. However, to enable a common analysis of the linear and planar array manifolds, the latter can be treated as a family of curves which make up the surface. A particularly interesting family is the set of so-called " -curves" which is defined as the vector continuum described by the set of all response vectors over the whole elevation space at a particular azimuth k Á
The planar array manifold surface can then be alternatively treated as a family ofcurves spanning half the azimuth space:
From Equation 4, it is apparent that a -line is identical to the manifold of a linear array with sensor locations given by , which is hence designated as the "Equivalent Linear Array (ELA)".
Differential geometry of the manifold curve
The array manifold is conventionally parametrised in terms of the bearing ;
however, for the purposes of studying the geometry of the linear array (LA) manifold curve or the planar array manifold -curve, parametrisation in terms of the arc length, which is the actual physical length of a manifold curve in , is more suitable. The arc
and the rate of change of arc length is given by:
where represents the azimuth for the LA manifold and the elevation for thecurve of the planar array manifold. Using Equations 3 and 4, the following characteristics of the LA manifold and -curve can be easily derived:
The rate of change of arc length is a local property of the curve and it has been shown to strongly influence the DF performance of the corresponding array [1, 2] . Another important characteristic of the curve is its total length which should intuitively have an impact on the ambiguity properties of the array, since ambiguities are caused by spurious intersections between the estimated signal subspace and the array manifold. matrix which is a real skew-symmetric matrix of the curvatures defined as follows: 
Performance Criteria
Popular performance criteria of superresolution DF array systems include the detection, resolution and DOA estimation performance. The detection performance refers to the ability of the DF system to correctly enumerate the emitters present in the environment; this information is then used to partition the observation space into the signal and noise subspaces, which are subsequently employed in the DOA estimation process. The resolving power of the array is assessed by its ability to distinguish between closely spaced sources. For a spectrum-based DF algorithm such as MUSIC, two sources are said to be resolved if the spectrum exhibits two distinct peaks at, or near to, the two actual emitter directions. The DOA estimation performance on the other hand refers to the error incurred when estimating the DOAs of the emitters. This is usually assessed using the well-known Cramer-Rao bound (CRB) which represents the minimum achievable estimation error variance of any unbiased estimator.
Recall that when the exact covariance matrix is available, the signal and noise subspaces can be accurately determined, and arbitrarily close emitters can be successfully detected and resolved, while their DOAs can be perfectly estimated. In practice, however, when only a finite amount of noisy data is available, it has been shown that the detection, resolution and estimation performances depend not only on the observation interval and SNR, but also on the physical characteristics of the array via the local structure of the array manifold [1, 2] . For instance, the SNR thresholds of detection and resolution of an emitter of power in the presence of a second close 7 emitter of power , over an observation interval of snapshots, are respectively 7 3
given by [1] : ! ! ! 8 9 n ! ! 4 5 8 9 n Note that in this example, the roots of the SLP can be partitioned into two overlapping subsets which constitute a partially symmetric array-mirror array pair. Finally, a new array synthesis technique tailored to superresolution DF algorithms and based on the characteristics of the array manifold was presented. The exploitation of differential geometry concepts in array signal processing is far from complete and the authors hope that the many novel concepts, results and techniques presented in this paper will stimulate further research into this important topic
